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DETERMINATION OF THE ATTRACTION OF AN ELLIPSOIDAL 
SHELL ON AN EXTERIOR POINT. 


[From the Proceedings of the London Mathematical Society, vol. vI. (1874—1875), 
pp. 58—67. Read January 14, 1875.] 


THE shell in question is the indefinitely thin shell included between two con- 
centric, similar, and similarly situated ellipsoidal surfaces, the density being uniform 
and the attraction varying as the inverse square of the distance. 


It was shown by Poisson that the attraction was in the direction of the axis of 
the circumscribed cone, and expressible in finite terms; the theorem as to the 
direction of the attraction was afterwards demonstrated geometrically by Steiner, Crelle, 
t. XII. (1834), his method being to divide the shell into elements by means of conical 
surfaces having their vertices at an interior point Q; and the investigation was about 
two years ago completed by Prof. Adams, so as to obtain from it the finite expression 
for the attraction of the shell. The process was explained in a lecture at which I was 
present: I did not particularly attend to the details of it; and I now reproduce the 
solution in my own form, stating, in the first place, the geometrical theorems on which 
it depends. 


Statement of the Geometrical Theorems. 


1. We consider (see figure, p. 305) an ellipsoid, and two corresponding points, an 
external point P, and an internal point Q; as will appear, the correspondence is not 
a reciprocal one. The points are such that each of them is, in regard to the ellipsoid, 
in the polar plane of the other; moreover PQ is the perpendicular at P to the polar 
plane of Q; that is, Q being regarded as given, then P is determined as the foot of 
the perpendicular let fall from Q upon its polar plane; to a given position of Q 
there corresponds thus a single position of P. It follows that PQ is the normal at 
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P to the confocal ellipsoid through this point; that is, given the position of P, then 
Q is the intersection of the polar plane of P by the normal at P to the confocal 
ellipsoid. Analytically, to a given position of P, there correspond three positions of Q, 
viz. these are the intersections of the polar plane of P by the normals at P to the 
three confocal surfaces through this point, and the correspondence of the points P, Q 
is a (l, 3) correspondence; but the other two positions of @ are external to the 
ellipsoid, and we are not concerned with them; we determine Q as above by means 
of the normal to the confocal ellipsoid. 


2. If through the point Q we draw at pleasure a chord R'QR”, and join the 
extremities K’, R” with P, then the line PQ bisects the angle R'PR”; whence also 


L A 


PR: QR’ =PR" : QR”, or‘ writing QR’, QR” =r', r” and PR’, PR” =p’, p”; then c= P; ; 


Putting each of these equal ratios =5, where Q is a length depending on the 


position of Q but independent of the direction of the chord R'QR”, then R will be 
a length depending on the direction of the chord, and if along the chord (say in 
the sense Q to R) we measure off from Q a length QT,= R, thence the locus of 
the extremity T of this line will be an ellipsoid, centre Q, similarly situate to the 
given ellipsoid, say this is the “auxiliary ellipsoid.” 


Consider now the given ellipsoid and a concentric and similarly situated similar 
ellipsoid, exterior to and indefinitely near it. To fix the ideas, let the semi-axes 
of the given ellipsoid be mf, mg, mh, and those of the consecutive ellipsoid be 
(m+dm)f, (m+dm)g, (m+dm)h. Producing the chord R’R” to meet the consecutive 
ellipsoid in S, 8S”, then the radial thicknesses R’S’, R’S” of the included shell will 
be equal to each other, or say each =Adm, where A is a quantity dependent as 
well on the position of the point Q as on the direction of the chord RR” through 
this point. 


3. Let 2 denote the angle R’PR”, or, what is the same thing, let œ denote 
either of the equal angles R’PQ, R’PQ; then, R, A being as above, it is found that 
mR 


cosp=—. 


Determination of the Attraction of the Shell. 


4. We may now solve the attraction-problem. We consider the indefinitely thin 
‘shell (density unity) included between the given ellipsoid and the consecutive ellipsoid, 
and attracting the exterior point P. We determine the corresponding interior point 
Q, and then dividing the shell into elements by means of indefinitely thin cones 
having their vertices at Q, we consider in conjunction the elements determined by 
any two opposite cones, say the two opposite cones, having for their axis the chord 
R'QR” and a spherical aperture =dw. The shell-element at R' is 


rdo. RS’ =r Ado dm; 
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its attraction on P is therefore 
3 2 
TA do amie teak da; 
p Q 


and the attractions in the directions QR’ and PQ are this quantity multiplied by 
sin ġ and cos ¢ respectively. 


3 
5. But the shell-element at R” exerts upon P the same attraction E Adm do, 


and the attractions in the directions QR” and PQ are this quantity multiplied by 
sing and cos@ respectively: hence the attractions in the directions QR’, QR” exactly 
counterbalance each other, and there remain only the two equal attractions in the 
direction PQ; viz. this, for either of the elements in question, say for the element 
at R’, is 

=“, A cos $ dm de, 


ah ' ee 
or, substituting for cos œ its value, = this is 


QO? 


Hence the whole attraction of the shell is in the direction PQ, its value being 


m dm 
o |[ Bede, 


over the whole solid angle at Q; and recollecting that R denotes the radius vector 
in the auxiliary ellipsoid, we have the volume of this ellipsoid 


= [|| dr do =; || R do, 


that is, ll R dw = thrice the volume of the auxiliary ellipsoid, = 4r FGH, if F, G, H 


are the semiaxes of the auxiliary ellipsoid. That is, 


Attraction of shell = "2" 4r FGH. 
The problem is now solved; but it remains to prove the geometrical theorems, and 
to determine the values of the quantities Q, F, G, H, which enter into the 
expression for the attraction; and we may also -deduce the formula for the attractions 
of a solid ellipsoid. 


Proof of the Geometrical Theorems. 
6. I take 


for the equation of the ellipsoid; a, b, c for the coordinates of P; &, n, € for those 
of Q; a, B, y for the cosine-inclinations of the radius QR’ to the axes. Hence, in 
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the equation of the ellipsoid, substituting for æ, y, z the values &+ra, n+r8, +74, 
and writing for shortness 


A & 


0-ta +p m, (C being therefore negative), 


as the roots of the equation 


Ar +2Br+0=0; 


2B 
-a 


at 


we have 7’, -r 
viz. 

C 
Le, Smee, 
and thence 


pa Be A BAN BAC B= AO 
A ae A ERRI Tbe 


7. Suppose for a moment that the semidiameter parallel to R'R” is =mv; we 


have evidently v?= And then, if in the central section through R’R” the conjugate 


ks 
ER 
semidiameter is mu, the equation of the section referred to these conjugate axes 


5 eo p v ; : 
will be oat gaat 1, or say, Semt t—, x, where y is the coordinate parallel to 


R'R”, so that, taking the coordinate to belong to the point R’, we have 


y=ġ (+r area 


For the exterior surface of the shell, m is to be changed into m +dm; hence, y and m 
alone varying, we have 


y dy =mv dm, =mdm 5, 


that is, 
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viz. this is the value of the radial thickness R’S’ of the shell; or, since the same 
process applies to the point R”, we have 


1 
R lA s R's” nes d —- 
X HNE Ty E YA, 


or, calling this, as above, Adm, the value of A is = ais" 

8. The points P and Q are connected by the condition that, for every direction 
whatever of the chord R’R”, we have 

PR : PR’ =QRin QR, 
or, what is the same thing, that the line QP bisects the angle R'PR”. Taking 
PR’=p', PR” =p", the condition is p :7 =p" =r"; and taking (a, b, c) as the 
coordinates of the point P, we have 
p?= (E+ ra- a} tatr BADE ry — oc) 
=0 +2 U +r”, 


o =(E—a)+(n— bP +(—c), (= QP”), 
U=a(E—a)+B(n—b)+y(F—-0¢); 


p =o? — 2r”U + 7". 


if, for shortness, 


and similarly 


The required condition therefore is 
Sr 2 of oh 


— +, 
y2 r r 


g? (a-pa) +2U (4+) =0, 
aaa V eo 


so that, omitting a factor, it becomes 


viz. this is 


that is, 
—2B 


os g 


which must be satisfied independently of the values of 


+ 2U =0, or A 
a, B, ¥. 
: í! 
9. Writing, for greater convenience, a= —0, the equation is U =-— 0B, viz. 


substituting for U, B their values, this gives E-a+ $o, &c., or say, 
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and the assumed relation Z= —@ is 
E i Pes eae. s 
(E-ayP+(n— bf +(F—cP = (ftii mt) 


viz. substituting for a, b, c the foregoing values, and omitting a factor @, this is 


a BP E & 
o( rit at hi) = H(B5 +m’); 
or, writing for shortness 
EN et aS 
Q: (Biarpun): 
the equation is 
0=- XC. 


We thus see that, (E, n, €) being given, 0, and therefore also (a, b, c), are uniquely 
determined. It may be added that, writing C= -5 , we have 6 =o", or say Qo = 0. 


10. We have, moreover, 


, ae =F. O+S), &o., 
m g e PrE 
pOH KETILS (0-+h*)=4,0 + fi Et 
=—-C+m +0, =m’; 
whence 


q? b2 c? 
ETAETA ET 


or, regarding (a, b, c) as given, @ is determined as a function of (a, b, c) by this cubic 
equation; and @ being (in accordance with the foregoing equation @=—?C) assumed 
to be positive, we have @ the positive root of this equation, and m? (0 +f°), m? (0 + 9°), 
m?(@+h?) as the squared semiaxes of the confocal ellipsoid through the point P. And 


0 being known, &, n, € are, by the foregoing equations a= £ (1 + fs)» &e , &e., determined 


in terms of & 7, €; that is, starting from the given external point P, we have the 
internal point Q. And it appears that PQ is the normal at P to the confocal nee 
or, what is the same thing, the axis of the circumscribed cone, vertex P. 


11, The foregoing jti 
F E o +’) +70 +P) +5, & o +h?) =m’, 


considering a, b, c, and therefore @, as given, shows further that the point Q is situate 


poet E ‘ das x i, stm 2? 
on an ellipsoid which is the inverse of the confocal ellipsoid IFF Fit 0+ 9 t 


in regard to the given ellipsoid RIETI + Z= mè. 
89—2 
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12. Expressing Q in terms of a, b, c, we have 
NL. Caylee oe ae 
Q2 (0 +f?) (0 +9) (0+ ha 


We have o? = a = 0°02, and 


U=a(E—a)+B(n—b)+y(b—¢), 


Sa (5 +1), =-6B, =BO®; 
whence 
+) 2()2 2 
Oo” at Ye i ee a. 
r? r r r r 
= 00? (at faa +2) +1; 
or, since 
A+2B > +C J= 0, 

this is 


B= ACO +1=0"(5,- 40) 


This last equation may also be written 


Spee Soap PO) es sae 
=o teter (45th ’ 


or, what is the same thing, 

1 Pos on B? ingen ak 
R =F ŒH” 
if for shortness 


rer. © 

PRP 

M A: 

@ P g’ 

E Rg 

E7 PTE 
viz. substituting herein for C its value — i , these equations give 
F= OF ne Qg au 
ARO INEP E Meade 


where Q stands for its expression in terms of a, b, c. 
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13. The expression for 5 shows that R is the radius vector, cosine-inclinations 


a, B, y, in an ellipsoid -semi-axes F, G, H, which may be regarded as having its centre 
at Q; viz. this is the “auxiliary ellipsoid.” And this being so, we have 


| PME NE. 
ie R 
It appears from these equations that, drawing from Q parallel to PR” a line 
QM, =Q, and from its extremity M parallel to PQ a line to meet QR’ in T, the 
locus of T is the auxiliary ellipsoid. 


14. By what precedes, the angles R'PQ, R”PQ are equal to each other, say each 
is =; the triangle R'PR” gives 


13 UD) an / tt 2 
PE Yes cts A- k aa 


2p'p” > 
that is, 
(P +p P(r +7’? 
cos? p = =— P = 
$ 4p'p 
viz. this is 
Oo 2 
= (a — 1) (r +7" +4 ie rr”, 
Es Kg T (r i ry 
= R? (zs — m) her” 
Ur 4(B?— AC) — A 
=— ACR. E MEF 
= (B= AC); 
or say 


cosġ= RvB- AC; 
a remarkable equation which may also be written 
R 1 UA 
cos f=. 4 (r +r”), 
if, as before, v is the semi-diameter parallel to R’R”, 


In virtue of the equation A = a which defines A, the equation becomes 


cos p= ”Ë, 


and we thus complete the demonstration of the several geometrical theorems upon 
which the investigation was founded. 
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Analytical Expressions for the Attraction of the Shell, and for the Resolved Attractions. 


15. The attraction of the shell was shown to be 


mdm 
=- 4r FGH ; 


or, since the mass of the shell, the density being unity, is 


$T fgh. 3mèdm = 4m? dm a fgh, 


we have 
1 FGH 
Attraction + Mass = ran N Fah ; 


which, by what precedes, is 
we ee A 
mf? + 0) G F 8) (le + 8)’ 
where 
oe a ee 
Q (f2+ OP ' (gt OP (P +)?’ 
0 being the positive root of 
a k b? GEE gy 
f?+0 gt+O P+? 
16. It is to be observed that the cosine-inclinations of the line PQ to the axes are 
p ahiri t bo e R 
F240? PHO? Pto’ 
respectively; so that, considering, for instance, the attraction parallel to the axis of a, 


we have 
Resolved A ion + M SES) Wee i 
esolved Attraction + Mass = m(f? +6) Vf? + 0) (F + 0) (h + 6) 


uy OY of ae 
Resolved Attractions of the Ellipsoid = + a +o. 


17. We may find the attraction of the solid ellipsoid 


oY 
Pg ae h 
For this purpose, dividing it into shells, semi-axes mf, ma, 
(m+ dm)h respectively, we have for the shell in question 
Resolved Attraction + M = 
ne Ga eee > 
esolved Attraction + Mass mf? +8) Vf? +9) (g2+9) (i? + 8) 


mh, and (m+ dm) f, (m +dm) g, 
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and the mass of the shell is eid fgh.3mdm, where the first factor is the mass of 


the ellipsoid; whence 


R l d Att ti -M f Elli id a. 38m? dm 
esolve raction + Mass o 1psold = Pr 2 D) T+ 0) G+ OP FO) t 


@ being here a function of m, and m extending from 0 to 1. But taking @ as the 
variable in place of m, the equation 


a? b? c? 
ET g+ot T 
gives 
i 534 =2mdm; that is, 3m0?dm=-— $dé. 


Moreover m=0 gives @=2, and m=1 gives @=its value as defined by the equation 


a? b C 
Pitot p+ ero”) 


so that, reversing the sign, the limits are «©, 0; or, finally, writing under the integral 
sign ¢ in place of 0, the formula is 


Resolved Attraction + Mass of Ellipsoid = 3a Í ji IADE TI 


which is a known formula. 
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